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Let r be a positive integer and f1; . . . ; fr be distinct polynomials in Z½X : If f1ðnÞ;
. . . ; frðnÞ are all prime for inﬁnitely many n; then it is necessary that the polynomials
fi are irreducible in Z½X ; have positive leading coefﬁcients, and no prime p divides all
values of the product f1ðnÞ    frðnÞ; as n runs over Z: Assuming these necessary
conditions, Bateman and Horn (Math. Comput. 16 (1962), 363–367) proposed a
conjectural asymptotic estimate on the number of positive integers n4x such that
f1ðnÞ; . . . ; frðnÞ are all primes. In the present paper, we apply the Hardy–Littlewood
circle method to study the Bateman–Horn conjecture when r52: We consider the
Bateman–Horn conjecture for the polynomials in any partition ff1; . . . ; fsg; ffsþ1;
. . . ; frg with a linear change of variables. Our main result is as follows: If the
Bateman–Horn conjecture on such a partition and change of variables holds true
with some conjectural error terms, then the Bateman–Horn conjecture for f1; . . . ; fr is
equivalent to a plausible error term conjecture for the minor arcs in the circle
method. # 2002 Elsevier Science (USA)1. INTRODUCTION
1.1. General Assumptions and Notations. By N denote the set f1; 2; 3; . . .g
of positive integers.
Let r 2 N: Let f1; . . . ; fr 2 Z½X :
Let f 2 Z½X  be the product polynomial f :¼ f1    fr:
Suppose that f1; . . . ; fr satisfy the following conditions:
(I) The polynomials f1; . . . ; fr are distinct.
(II) The polynomials f1; . . . ; fr are irreducible in Z½X :
(III) The leading coefﬁcients of f1; . . . ; fr are positive.
(IV) There is no prime number p so that pjf ðnÞ for all n 2 N:
(The Bouniakowski condition [Bou 1854]).
Fix x052 so that f1ðyÞ; . . . ; frðyÞ are monotone increasing for y5x0 and
so that f1ðx0Þ52; . . . ; frðx0Þ52: (The existence of such an x0 follows from
condition (III).)432
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ON THE BATEMAN–HORN CONJECTURE 433By F denote the set F :¼ ff1; . . . ; frg:
Let the symbol p be reserved only for prime numbers.
For an arbitrary polynomial g 2 Z½X  let ngðpÞ be the number of solutions
n in Z=pZ to the congruence gðnÞ  0 mod p:
Deﬁne eðbÞ for b 2 R by eðbÞ :¼ e2pib:
1.2. The Bateman–Horn Conjecture.
Definition 1.1. For F :¼ ff1; . . . ; frg let pðF ; xÞ be the number of
positive integers n4x such that f1ðnÞ; . . . ; frðnÞ are all primes, i.e.,
pðF ; xÞ :¼ ]fn4x j f1ðnÞ; . . . ; frðnÞ primeg:
Using probabilistic arguments, Bateman and Horn (see [BHo 62]) derived
the following conjecture on pðF ; xÞ:
If f1; . . . ; fr satisfy the above conditions (I)–(IV), then
BHðFÞ pðF ; xÞ  1
deg f1    deg frCðFÞ
Z x
2
dt
ðlog tÞr for x !1;
with the constant
CðFÞ :¼
Y
p
1 nf ðpÞ=p
ð1 1=pÞr : ð1Þ
As remarked in [BHo 62], the inﬁnite product on the right-hand side of (1)
converges to a positive real number. But often it is not absolutely convergent.
The only proved case of the Bateman–Horn conjecture is Dirichlet’s
theorem on primes in arithmetic progressions ðr ¼ 1; f1 ¼ qX þ aÞ:
Another important special case is the Hardy–Littlewood twin primes
conjecture ðr ¼ 2; f1 ¼ X  2k; f2 ¼ X Þ; which says that the number
p2kðxÞ :¼ ]fp4x j p 2k; p primesg
of 2k-twin primes 4x satisﬁes the asymptotic relation
p2kðxÞ  C2k
Z x
2
dt
ðlog tÞ2 for x !1; ð2Þ
with the constant
C2k :¼ 2
Y
pjk
p>2
p 1
p 2
 Y
p>2
1 1ðp 1Þ2
 !
: ð3Þ
Hardy and Littlewood (see [HLi 23]) discovered this conjecture by using
their circle method. In the present paper, we make their approach to the
STEPHAN BAIER434twin primes problem more general, in such a way that it applies to the
Bateman–Horn conjecture when r52: This paper does not make any new
contribution to the case r ¼ 1:
Let s be an integer with 14sor; G1 be the set ff1; . . . ; fsg and G2 be the set
ffsþ1; . . . ; frg: Essentially, applying Hardy–Littlewood’s circle method and
assuming some plausible error term hypothesis, we derive the Bateman–
Horn conjecture for the set F from that for the sets G1; G2 subject to a linear
change of variables. In this sense, the Bateman–Horn conjecture for r
polynomials can be inductively obtained from that for one polynomial.
However, the Bateman–Horn conjecture for one polynomial cannot be
further reduced by the method used in the present paper.
2. A REFORMULATION OF THE BATEMAN–HORN
CONJECTURE
It is convenient to replace the prime counting function pðF ; xÞ by a
corresponding sum cðF ; xÞ involving the Mangoldt function, which will be
easier to handle.
Definition 2.1. Let
yðF ; xÞ :¼
X
x0on4x
f1ðnÞ;...;frðnÞ prime
log f1ðnÞ    log frðnÞ
and
cðF ; xÞ :¼
X
x0on4x
Lðf1ðnÞÞ   LðfrðnÞÞ;
x0 being deﬁned as in Subsection 1.1.
We generalise the well-known relations between the ordinary functions
pðxÞ; yðxÞ; cðxÞ to the Bateman–Horn situation.
Theorem 2.1. The following conditions are equivalent as x !1:
BHðFÞ pðF ; xÞ  1
deg f1    deg frCðFÞ
Z x
2
dt
ðlog tÞr;
BHyðFÞ yðF ; xÞ  CðFÞx
and
BHcðFÞ cðF ; xÞ  CðFÞx:
ON THE BATEMAN–HORN CONJECTURE 435Theorem 2.1 falls into the equivalences ‘‘BHðFÞ , BHyðFÞ’’ and
‘‘BHyðFÞ , BHcðFÞ’’. The ﬁrst equivalence can be proved by standard
technique (partial summation and partial integration). We do not carry out
its proof. The second equivalence says that the contributions of the prime
powers pk with k52 are small. For its proof we estimate the number
Zkðf0; xÞ deﬁned as follows.
Definition 2.2. Let f0 2 Z½X  be an irreducible polynomial and k 2 N;
k52: Deﬁne
Zkðf0; xÞ :¼ ]fn 2 Njn4x; there is an integer m such that f0ðnÞ ¼ mkg:
For the later estimation of Zkðf0; xÞ in the case deg f0 ¼ 2 ¼ k; we use the
following result on real quadratic number ﬁelds which can be easily derived
from Dirichlet’s units theorem (see [Jan 91]).
Theorem 2.2. Let b 2 N; b52 be squarefree and R be the ring of
algebraic integers in the real quadratic field Qð ﬃﬃﬃbp Þ: By N denote the norm of
Qð ﬃﬃﬃbp Þ over Q: Let D 2 Z=f0g: If the equation
NðbÞ ¼ D
has a solution b in R; then there exist a unit u0 in R and a finite subset S of R
such that every solution b 2 R of the above equation can be represented by
b ¼ guj0;
where g 2 S and j 2 Z:
In order to estimate the number Zkðf0; xÞ in the case ‘‘k53 or deg f053’’,
we use the following result from diophantine geometry which is due to Siegel
(for a proof see [HSi 00, Theorem D.8.3 and exercise D.6.(b)]).
Theorem 2.3. Let f0 2 Q½X  be an irreducible polynomial with d :¼
deg f052: Let k 2 N; k52: Assume that d53 or k53: Then there exist only
finitely many pairs ðm; nÞ of integers satisfying the diophantine equation
f0ðnÞ ¼ mk:
Applying Theorems 2.2 and 2.3, we prove
Proposition 2.1. Let f0 2 Z½X  be an irreducible polynomial with
positive leading coefficient. Let k 2 N; k52: Then,
Zkðf0; xÞ ¼ Oðx1=2Þ for x !1;
the O-constant depending only on f0 and not on k:
STEPHAN BAIER436Proof. Let d :¼ deg f0: We split the proof into four cases.
Case 1. Let k52d: Then we get the trivial estimate
Zkðf0; xÞ  xd=k  x1=2:
Case 2. Let d53; 24ko2d: Then by Theorem 2.3 there is a positive
real constant c0 depending only on f0 such that
Zkðf0; xÞ4c0
for all x > 0:
Case 3. Let d52; 34ko2d: Then we get the same result as in Case 2.
Case 4. Let d ¼ 2 ¼ k: Then f0ðX Þ ¼ a2X 2 þ a1X þ a0; where a0; a1; a2
2 Z; a2 > 0:
Let D be the discriminant of f0; given by D :¼ a21  4a0a2: Note that Da0
since f0 is assumed to be irreducible in Z½X : Completing the square for f0;
we get
f0ðXÞ  Y 2 ¼ 1
4a2
ðU2  a2V2 DÞ;
where U :¼ 2a2X þ a1 and V :¼ 2Y : Furthermore, let b0 be the largest
integer such that b20 divides a2 and let b :¼ a2=b20: So b is a squarefree positive
integer, and we have a2V
2 ¼ bðb0VÞ2: Hence, the condition f0ðnÞ ¼ m2 is
equivalent to n21  bm21 ¼ D; where n1 :¼ 2a2nþ a1 and m1 :¼ 2b0m: So we
have
Z2ðf0; xÞ4Zn2ðf0; xÞ; ð4Þ
where
Zn2ðf0; xÞ :¼ ]fn1 2 Zja1on142a2x þ a1; there is an m1 2 Z
such that n21  bm21 ¼ Dg:
If b ¼ 1; then the condition n21  bm21 ¼ D is equivalent to ðn1 m1Þðn1 þ
m1Þ ¼ D; and therefore Z2ðf0; xÞ44tðDÞ; where tðDÞ is the number of
positive divisors of D:
Now, assume b52: Let R be the ring of algebraic integers in the real
quadratic ﬁeld Qð ﬃﬃﬃbp Þ: Note that the norm N of Qð ﬃﬃﬃbp Þ over Q satisﬁes the
equation
Nðq1 þ q2
ﬃﬃﬃ
b
p
Þ ¼ ðq1 þ q2
ﬃﬃﬃ
b
p
Þðq1  q2
ﬃﬃﬃ
b
p
Þ ¼ q21  bq22
ON THE BATEMAN–HORN CONJECTURE 437for all q1; q2 2 Q: Hence, if the equation NðbÞ ¼ D has no solution b 2 R;
then the diophantine equation n21  bm21 ¼ D has no solution ðm1; n1Þ 2 Z2;
and by (4), we get Z2ðf0; xÞ ¼ 0: Otherwise, by Theorem 2.2, there exist a
unit u0 in R and a ﬁnite subset S of R such that the following statement
holds true: For every solution ðm1; n1Þ 2 Z2 of the diophantine equation
n21  bm21 ¼ D there are g 2 S and j 2 Z so that
n1 þm1
ﬃﬃﬃ
b
p
¼ guj0:
From that, we easily conclude that
Zn2ðf0; xÞ ¼ Oðlog xÞ for x !1: ð5Þ
The combination of (4) and (5) yields the desired result for case 4, which
completes the proof of Proposition 2.1. ]
Now, we are in a position to carry out the
Proof of the equivalence ‘‘BHyðFÞ , BHcðFÞ’’. Let x5x0: Since in the
difference cðF ; xÞ  yðF ; xÞ; for any n contributing a non-zero term there is
an i 2 f1; . . . ; rg such that fiðnÞ ¼ pk for some prime p and exponent k52;
we have
cðF ; xÞ  yðF ; xÞ4log f1ðxÞ    log frðxÞ
Xr
i¼1
X
24k4log2 fiðxÞ
Zkðfi; xÞ:
From this estimate and from Proposition 2.1, we obtain
cðF ; xÞ  yðF ; xÞ ¼ Oðx1=2ðlog xÞrþ1Þ for x !1:
This yields the desired equivalence ‘‘BHyðFÞ , BHcðFÞ’’. The proof of this
equivalence completes the proof of Theorem 2.1. ]
3. ARITHMETIC PROGRESSIONS
3.1. Complement of BHcðFÞ for Arithmetic Progressions. For the treat-
ment of the major arcs in the later Section 5, we will need to consider the
polynomials fiðXÞ evaluated on arithmetic progressions to some modulus q;
which is nothing more than considering the polynomials fiðqX þ aÞ on
integers. This leads us to consider the Bateman–Horn conjecture for
polynomials subject to a linear change of variables, and we will refer to this
process as a modiﬁcation ‘‘along arithmetic progressions’’.
STEPHAN BAIER438Definition 3.1. Let q; a 2 N be given. Deﬁne
cq;aðF ; xÞ :¼
X
x0on4x
na mod q
Lðf1ðnÞÞ   LðfrðnÞÞ:
In the case ðq; f ðaÞÞ > 1; we easily conclude the following trivial estimate
from the above deﬁnition.
Lemma 3.1. If ðq; f ðaÞÞ > 1; then
cq;aðF ; xÞ ¼ Oððlog xÞrþ1Þ for x !1:
As a preparation for the following estimation of cq;aðF ; xÞ in the case
ðq; f ðaÞÞ ¼ 1; we introduce a generalised j-function.
Definition 3.2. Deﬁne the function jf : N! Rþ by
jf ðqÞ :¼ q 
Y
pjq
ð1 nf ðpÞ=pÞ
for all q 2 N:
For i ¼ 1; . . . ; r deﬁne the polynomial hq;a;i 2 Z½X  by
hq;a;iðXÞ :¼ fiðqX þ aÞ:
Let Hq;a be the r-tuple Hq;a :¼ fhq;a;1; . . . ; hq;a;rg and hq;a be the product
polynomial hq;a :¼ hq;a;1    hq;a;r:
We would like to derive an asymptotic estimate for cq;aðF ; xÞ from the
conjecture BHcðHq;aÞ: But this only makes sense if Hq;a satisﬁes conditions
(I)–(IV) formulated at the beginning of the paper.
Obviously, the set Hq;a satisﬁes conditions (I)–(III), since the set F satisﬁes
these conditions. In addition, it is easy to see that Hq;a satisﬁes condition
(IV) if and only if ðq; f ðaÞÞ ¼ 1: So we are in a position to prove
Lemma 3.2. Let ðq; f ðaÞÞ ¼ 1: If the conjecture BHcðHq;aÞ holds true,
then
BHcq;aðFÞ cq;aðF ; xÞ 
CðFÞ
jf ðqÞ
x for x !1:
Proof. By Deﬁnitions 2.1 and 3.1, we get
cq;aðF ; xÞ ¼ c Hq;a;
x
q
 
þOððlog xÞrÞ for x !1: ð6Þ
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c Hq;a;
x
q
 
¼
Y
p
1 nhq;aðpÞ=p
ð1 1=pÞr
1
q
xþ oðxÞ for x !1: ð7Þ
Taking the above assumption ðq; f ðaÞÞ ¼ 1 into account, we get the
relation
nhq;aðpÞ ¼
nf ðpÞ if p[q;
0 ifpjq
(
between nhq;aðpÞ and nf ðpÞ: This relation and (1) yield
Y
p
1 nhq;aðpÞ=p
ð1 1=pÞr ¼
CðFÞQ
pjqð1 nf ðpÞ=pÞ
: ð8Þ
Combining (6)–(8) and Deﬁnition 3.2, we obtain BHcq;aðFÞ: ]
Obviously, when r ¼ 1; f1 ¼ X ; BHcq;aðFÞ is equivalent to Dirichlet’s
theorem on primes in arithmetic progressions.
3.2. A Conjecture about the Error Terms.
Definition 3.3. Let s be an integer with 14sor: Deﬁne
G1 :¼ ff1; . . . ; fsg;
G2 :¼ ffsþ1; . . . ; frg;
g1 :¼ f1    fs;
g2 :¼ fsþ1    fr:
In the following, it is our goal to derive BHðFÞ from BHcq;aðG1Þ
and BHcq;aðG2Þ for all q; a 2 N with ðq; g1ðaÞÞ ¼ 1 and ðq; g2ðaÞÞ ¼ 1;
respectively. To do so, we shall apply the Hardy–Littlewood circle
method in the later Section 5. Unfortunately, we will see that BHcq;aðG1Þ
and BHcq;aðG2Þ are insufﬁcient for a derivation of an asymptotic formula
for the integral taken over the major arcs. We need an additional
(weak) hypothesis on the error terms in these conjectures for ‘‘small’’
moduli q4ðlog xÞA: This leads us to state the following hypothetical
generalisation of the Siegel–Walﬁsz Theorem to the Bateman–Horn
situation.
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q4ðlog xÞA; a 2 N with ðq; giðaÞÞ ¼ 1 the asymptotic estimate
cq;aðGi; xÞ ¼
CðGiÞ
jgiðqÞ
xþOðxðlog xÞBÞ for x !1
holds true.
The letter ‘‘P’’ in BHPcðGiÞ means ‘‘progressions’’.
At the end of this section, we still give an upper bound for the term
1=jgiðqÞ which we will use in the later Subsection 5.2. This bound can be
easily derived from the inequality ngiðpÞ4deg gi which is due to Dirichlet.
Lemma 3.3. For i ¼ 1; 2 let di :¼ deg gi: Then
1
jgiðqÞ
¼ O ðlog log qÞ
di
q
 !
:
4. AN ALTERNATIVE EXPRESSION FOR THE CONSTANT CðFÞ
In this section, we shall obtain an additive expression for the constant
CðFÞ in terms of Ramanujan sums. This series expression will be needed at
the last step of the proof of Theorem 5.1 (in Section 5), and readers can skip
Section 4 until they reach that point.
4.1. An Expression for CðFÞ=ðCðG1ÞCðG2ÞÞ as a Series. Deﬁne G1; G2;
g1; g2 as in Deﬁnition 3.3. In this subsection, we shall express the constant
term
CðFÞ
CðG1ÞCðG2Þ ¼
Y
p
1 nf ðpÞ=p
ð1 ng1ðpÞ=pÞð1 ng2ðpÞ=pÞ
as an appropriate series. As a preparation, we show
Lemma 4.1. The equation
nf ðpÞ ¼ ng1ðpÞ þ ng2ðpÞ ð9Þ
holds true for all primes p except for finitely many primes.
Proof. Since g1; g2 are relatively prime over Z by our general
assumptions in Section 1.1, they have disjoint zero sets modulo all
sufﬁciently large primes. This yields the result of Lemma 4.1. ]
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sG1;G2ðqÞ :¼ mðqÞ
Y
pjq
1 1 nf ðpÞ=pð1 ng1ðpÞ=pÞð1 ng2ðpÞ=pÞ
 
:
Next, we prove
Proposition 4.1. For every fixed e > 0; we have
X
q4Q
sG1;G2ðqÞ ¼
CðFÞ
CðG1ÞCðG2Þ þO
1
Q1e
 
for Q !1;
the O-constant depending on G1; G2; e:
Proof. By a short calculation, we get
sG1;G2ðpÞ ¼ 
ng1ðpÞ
p ng1ðpÞ
ng2ðpÞ
p ng2ðpÞ
ð10Þ
for every prime p satisfying Eq. (9). From (10), from ngiðpÞ4minfp
1; deg gig for all primes p and from Lemma 4.1, we obtain the bound
jsG1;G2ðqÞj ¼ mðqÞ
Y
pjq
sG1;G2ðpÞ

 ¼ O
DoðqÞ
q2
 
ð11Þ
for a suitable constant D > 0; oðqÞ denoting the number of prime divisors of
q: From the well-known estimate
oðqÞ ¼ O log q
log log q
 
(see [Kra¨ 81, Satz 5.33]) and from (11), we deduce
X
q>Q
sG1;G2ðqÞ
  ¼ O 1
Q1e
 
for Q !1: ð12Þ
By (12), the series
P1
q¼1 sG1;G2ðqÞ is absolutely convergent. Using Euler’s
product formula and deﬁnition (1), we get
X1
q¼1
sG1;G2ðqÞ ¼
CðFÞ
CðG1ÞCðG2Þ: ð13Þ
Combining (12) and (13), we obtain the desired estimate. ]
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subsection, we shall express the constant CðFÞ in terms of Ramanujan sums
cqðkÞ :¼
X
a mod q
ða;qÞ¼1
e
ak
q
 
;
where eðbÞ :¼ e2pib for b 2 R: To do so, we introduce the function MG1;G2 :
N! C deﬁned by
MG1;G2ðqÞ :¼
X
b1 mod q
ðq;g1ðb1ÞÞ¼1
X
b2 mod q
ðq;g2ðb2ÞÞ¼1
cqðb1  b2Þ: ð14Þ
In the following, we determine the value of MG1;G2ðqÞ for all q 2 N: First, we
prove
Lemma 4.2. For every prime number p; we have
MG1;G2ðpÞ ¼ pðp nf ðpÞÞ  ðp ng1ðpÞÞðp ng2ðpÞÞ:
Proof. By deﬁnition, we have
MG1;G2ðpÞ ¼
X
b1 mod p
g1ðb1Þc0 mod p
X
b2 mod p
g2ðb2Þc0 mod p
cpðb1  b2Þ:
The relation
cpðkÞ ¼
p 1 if k  0 mod p;
1 if kc0 mod p
(
leads us to separately consider when b1  b2 mod p and when b1cb2 mod p:
In the ﬁrst case, we have a contribution of
ðp 1Þ]fb mod p j g1g2ðbÞc0 mod pg;
and in the second case, we have
]fðb1; b2Þmod p j g1ðb1Þ; g2ðb2Þc0 mod p; b1cb2 mod pg:
ON THE BATEMAN–HORN CONJECTURE 443The sum of these contributions (using inclusion-exclusion for the second case) is
ðp 1Þðp ng1g2ðpÞÞ  ððp ng1ðpÞÞðp ng2ðpÞÞ  ðp ng1g2ðpÞÞÞ
¼ pðp  ng1g2ðpÞÞ  ðp ng1ðpÞÞðp ng2ðpÞÞ:
This yields the desired formula. ]
In essentially the same manner, we can prove
Lemma 4.3. For every prime p and every integer n52; we have
MG1;G2ðpnÞ ¼ 0:
The multiplicativity of the Ramanujan sum implies that MG1;G2 is also
multiplicative. Thus, Lemmas 4.2 and 4.3 imply
Proposition 4.2. For all positive integers q; we have
MG1;G2ðqÞ ¼ mðqÞ
Y
pjq
ððp ng1ðpÞÞðp ng2ðpÞÞ  pðp nf ðpÞÞÞ:
Now we are in a position to prove the ﬁnal result of this section.
Theorem 4.1. For every fixed e > 0; we have
CðFÞ ¼
X
q4Q
CðG1Þ
jg1ðqÞ
CðG2Þ
jg2ðqÞ
X
b1 mod q
ðq;g1ðb1ÞÞ¼1
X
b2 mod q
ðq;g2ðb2ÞÞ¼1
cqðb1  b2Þ þO 1
Q1e
 
for Q !1; the O-constant depending on G1; G2 and e:
Proof. The combination of Proposition 4.2, Deﬁnitions 3.2 and 4.1
yields
sG1;G2ðqÞ ¼
1
jg1ðqÞ
1
jg2ðqÞ
MG1;G2ðqÞ:
Putting this equation, Proposition 4.1 and the deﬁnition of MG1;G2ðqÞ in (14)
together, we get the desired expression for CðFÞ: ]
5. APPLICATION OF THE CIRCLE METHOD
5.1. An Approach to BHcðFÞ Based on the Circle Method. Now, we start
applying the circle method to the Bateman–Horn problem.
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SðG1; a; xÞ :¼
X
x0on4x
Lðf1ðnÞÞ   LðfsðnÞÞeðanÞ
and
SðG2; a; xÞ :¼
X
x0on4x
Lðfsþ1ðnÞÞ   LðfrðnÞÞeðanÞ:
By the orthogonality relation for eðaÞ; we get
Lemma 5.1. Let cðF ; xÞ be defined as in Definition 2.1. Then,
cðF ; xÞ ¼
Z 1þl
l
SðG1; a; xÞSðG2;a; xÞ da
for every l 2 R:
We can treat the integral on the right side by using the circle method. Let
A > 0 be an arbitrary constant, let the major arcs be deﬁned by
MðA; xÞ :¼
[
q4ðlog xÞA
[q
a¼1
ða;qÞ¼1
Iq;a;
where
Iq;a :¼ a
q
 x1ðlog xÞ3A; a
q
þ x1ðlog xÞ3A
 
;
and let the minor arcs be deﬁned by
mðA; xÞ :¼ ½x1ðlog xÞ3A; 1þ x1ðlog xÞ3A=MðA; xÞ:
Note that for every sufﬁciently large x the intervals Iq;a with q4ðlog xÞA;
ða; qÞ ¼ 1 are pairwise disjoined and that MðA; xÞ  ½x1ðlog xÞ3A;
1þ x1ðlog xÞ3A: By the latter inclusion, we get
cðF ; xÞ ¼
Z
MðA;xÞ
SðG1; a; xÞSðG2;a; xÞ da
þ
Z
mðA;xÞ
SðG1; a; xÞSðG2;a; xÞ da ð15Þ
for every sufﬁciently large x:
ON THE BATEMAN–HORN CONJECTURE 4455.2. Treatment of the Minor and Major Arcs. A successful estimation of
the integral taken over the minor arcs seems to be out of the range of the
familiar methods of analytic number theory. Even in the simplest case r ¼ 2;
s ¼ 1; f1ðnÞ ¼ X  2k; f2ðnÞ ¼ X (2k-twin primes), no one has been able to
prove a non-trivial estimate for this integral. We state the following
plausible conjecture which essentially says that the minor arcs yield a real
error term.
ConjðG1;G2Þ: There exists a constant A > 1 so that the boundZ
mðA;xÞ
SðG1; a; xÞSðG2;a; xÞ da ¼ oðxÞ for x !1
is valid.
For the integral taken over the major arcs, we prove
Theorem 5.1. Assume that the error term conjectures BHPcðGiÞ;
i ¼ 1; 2 hold true. Let A > 1 be an arbitrary constant. Then, we have
Z
MðA;xÞ
SðG1; a; xÞSðG2;a; xÞ da ¼ CðFÞxþOðx=log xÞ for x !1:
Proof. Let q4ðlog xÞA; ða; qÞ ¼ 1 and B :¼ 9A þ 2: Then by Lemma 3.1
and BHPcðGiÞ; i ¼ 1; 2; we get
S Gi;
a
q
; x
 
¼ CðGiÞ
jgiðqÞ
Xq
b¼1
ðq;giðbÞÞ¼1
e
ab
q
 
xþOðxðlog xÞð8Aþ2ÞÞ: ð16Þ
Next, we extend this asymptotic formula to the neighbourhood of a=q:
Let jbj4x1ðlog xÞ3A: Then, using partial summation, (16) and Lemma 3.3,
we obtain
S Gi;
a
q
þ b; x
 
¼ CðGiÞ
jgiðqÞ
Xq
b¼1
ðq;giðbÞÞ¼1
e
ab
q
 
TðbÞ þOðxðlog xÞð5Aþ2ÞÞ ð17Þ
for i ¼ 1; 2; where
TðbÞ :¼
X
n4x
eðbnÞ:
STEPHAN BAIER446By (17), by the trivial estimate jTðbÞj4x and by Lemma 3.3, we get
S G1;
a
q
þ b; x
 
S G2; a
q
þ b
 
; x
 
¼ CðG1Þ
jg1ðqÞ
CðG2Þ
jg2ðqÞ
Xq
b1¼1
ðq;g1ðb1ÞÞ¼1
Xq
b2¼1
ðq;g2ðb2ÞÞ¼1
e
aðb1  b2Þ
q
 
TðbÞj j2
þ Oðx2ðlog xÞð5Aþ1ÞÞ: ð18Þ
From TðgÞ ¼ Oðjgj1Þ for jgj41
2
; we derive
Z x1ðlog xÞ3A
x1ðlog xÞ3A
jTðbÞj2 db ¼
Z 1
2
1
2
jTðgÞj2 dgþOðxðlog xÞ3AÞ
¼ xþOðxðlog xÞ3AÞ: ð19Þ
Now, using (18), (19) and Lemma 3.3, and taking the deﬁnitions of the
major arcs MðA; xÞ and of the Ramanujan sum cqðkÞ into account, we
deduce Z
MðA;xÞ
SðG1; a; xÞSðG2;a; xÞ
¼ x
X
q4ðlog xÞA
CðG1Þ
jg1ðqÞ
CðG2Þ
jg2ðqÞ
Xq
b1¼1
ðq;g1ðb1ÞÞ¼1
Xq
b2¼1
ðq;g2ðb2ÞÞ¼1
cqðb1  b2Þ
þ Oðx=log xÞ:
Combining this estimate and Theorem 4.1, and taking the assumption A > 1
into account, we obtain the result of Theorem 5.1. ]
5.3. The Main Result and Open Problems. Now we are in a position to
state the main result of the present paper. By Theorem 2.1, (15) and
Theorem 5.1, we immediately get
Theorem 5.2. Assume that the conjectures BHPcðG1Þ; BHPcðG2Þ are
valid. Then BHðFÞ is equivalent to ConjðG1;G2Þ:
Hardy–Littlewood–Vinogradov (see [HLi 23, Vin 37]) obtained essentially
the same result for the special case of 2k-twin primes (r ¼ 2; s ¼ 1; f1ðnÞ ¼
X  2k; f2ðnÞ ¼ X ). In this case, BHPcðGiÞ is a slightly weakened form of
the Siegel–Walﬁsz Theorem. Actually, Hardy–Littlewood used a weak form
of the generalised Riemann hypothesis (GRH) for Dirichlet L-series in their
paper.
ON THE BATEMAN–HORN CONJECTURE 447Finally, we state three open problems concerning the Bateman–Horn
conjecture:
(I) Can we prove that BHPcðGiÞ; i ¼ 1; 2 and an appropriate
sharpened version of the minor arcs conjecture ConjðG1;G2Þ imply
BHPcðFÞ (which contains BHcðFÞ as a special case)?
This would enable us to inductively derive BHPcðFÞ from BHPcðf1Þ;
. . . ;BHPcðfrÞ by assuming a certain general minor arcs conjecture. So the
Bateman–Horn conjecture for r polynomials (r52) could be obtained from
the conjecture for one polynomial.
(II) Assuming a weak form of GRH and using Tauberian arguments,
Hardy and Littlewood (see [HLi 23]) could prove that if the asymptotic formula
p2kðxÞ  C 
Z x
2
dt
ðlog tÞ2 for x !1
holds true for some positive constant C; then this constant has the expected
value C ¼ C2k given by (3).
It is an interesting question whether one can prove the following
analogous result for the Bateman–Horn situation by using the approach of
the present paper: If the Bateman–Horn conjecture BHðFÞ does work with
some positive constant C; i.e., if
cðF ; xÞ  Cx for x !1;
must this constant be equal to the Bateman–Horn constant, i.e., must C ¼ CðFÞ?
Thanks to the referee for bringing this question to my attention.
(III) Using the circle method, Lavrik [Lav 60] showed that in a certain
sense the Hardy–Littlewood conjecture (2) on 2k-twin primes is valid for
almost-all integers k in the range 0ok4x=2: Later, this result was
drastically sharpened by several authors (see [Mik 91] for example).
Especially, the asymptotic formula (2) holds true on average, as k runs
over a ‘‘small’’ range.
It should be tried to prove results of this kind for other special cases of the
Bateman–Horn conjecture without using any hypothesis except possibly for
GRH. The question is: Does the Bateman–Horn conjecture BHðFÞ hold
true on average, as the coefﬁcients of the polynomials f1; . . . ; fr run over
certain, not too large ranges?
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